In the present paper we investigate the notion of \congestion" in spread spectrum wireless networks, such as those employing DS-CDMA. We nd \congestion" to be multi-dimensional in nature, but two features emerge: when congestion occurs, transmit powers and cell site interference levels increase, and capacity constraints are approached. Among other measures, we focus on a particular measure, , which is immediately of interest since < 1 is the condition for network feasibility. We relate both to the \power warfare" that arises as \capacity limits" are approached, and to the level of tra c in the network, where we consider tra c in regions ranging from local (single cells) to global (the whole network).
Introduction
When can a call be admitted to a radio network and when should it be blocked due to congestion in the network? In order to answer such a question, we need to identify capacity constraints on
The author gratefully acknowledges funding from an Australian Research Council large grant. the network, and be able to measure congestion relative to these constraints. This is a nontrivial problem with an interesting spatial aspect, as users are distributed amongst the receivers, and may be in motion. In the present paper we will see that \congestion" is a multi-dimensional concept; important features of a congested spread spectrum network are high transmit power levels, and high cell site interference levels, and these are certainly important measures of congestion in themselves. Also important is the notion of \capacity": how many more users can be accommodated in di erent parts of the network? In the present paper we will consider all these measures, but will tend to focus on one particular measure, which we will denote by , which is related to both interference levels, and capacity.
In the present paper, we consider the uplink (mobile to base station link) and take the view that the fundamental variables to be controlled are the transmit powers of the mobiles. We therefore focus on the power feasibility problem: we say a given con guration of users is feasible if and only if transmitter power levels can be found to satisfy each user's quality of service requirements. We assume users place \demands" on the network in accordance with their quality of service requirements. For voice (or video) in lated into C/I constraints; for a particular bit rate and bit error rate, there is an associated C/I level required. These C/I constraints give rise to a set of equations in transmitter power levels that must be solved in order to meet the Q o S constraints. We say a con guration of users is \feasible" if a solution exists to these equations.
We look at a number of di erent models: the conventional cellular model (Section 2), the cellular model with macrodiversity (Section 5), and the complete macrodiversity model (Section 7). In all these models we identify a quantity, , which is required to be less than unity for feasibility (necessary and su cient). The purpose of the present paper is to study the properties of this measure, and relate it to other measures of congestion, such as \power warfare" (Section 3) and levels of tra c in di erent parts of the network (Sections 5.2 and 7.2).
We initially de ne to be the PerronFrobenius eigenvalue of a large M M matrix description of the tra c in the network, where M is the number of users in the network. This matrix arises from consideration of the equations for individual user transmit powers. Note that two distinct con gurations of users, with di erent numbers of users, have matrices of di erent dimension. It is therefore not immediately clear that one can directly compare their PerronFrobenius eigenvalues. However, it is possible to reduce the description to a K K matrix through aggregation, where K is the (constant) number of cell sites in the network. The aggregate variables we use to obtain this description are the total interference levels at each cell site in the network.
The important properties of are as follows. Firstly, we have network feasibility if and only if < 1 (see Sections 2, and 7). Secondly, we consider \power warfare". In a practical system, feasibility is not enough: if users are added to a network, then before an infeasible con guration of users is reached, the transmit power levels of the users go to in nity (\power warfare"). In Theorem 2, we show that is related to this \power warfare", in the sense that if is close Thirdly, we consider how relates to tra c levels in the network. In Section 5, we consider a cellular model with macrodiversity; cells are squares, and a centrally located cell-site is connected to four distributed antennas, one on each corner of the cell. We provide lower bounds on that provide further motivation for considering as a measure of congestion; these bounds are measures of tra c levels in regions ranging from local (single cells) to global (the entire network).
The lower bounds enable us to derive necessary conditions for feasibility, that are in terms of trafc levels (see (22)).
In spread spectrum systems it is possible to have a user connected to several cells simultaneously (\soft handover"). In Section 7, we gain further insight into congestion, and in particular how is a ected by changing the amount of soft handover allowed in the network. We do this by considering a \complete macrodiversity model" in which the network is a large, distributed antenna array. This is an abstraction of \soft handover"; each user is e ectively in soft handover with every cell site in the entire network. In Section 8 we deal brie y with the issue of how the eigenvalue can be measured.
In the present paper we do not consider directly the issues of call admissions or network control, yet it is clear that these questions provide motivation for our results. Our view is that calls should be admitted in such a way as to keep transmitter power levels of individual users within reasonable bounds. Of course, individual transmit power levels are of necessity quite volatile, as users' fading environments are constantly changing, but we believe that by controlling congestion in the network, the levels can be kept within reasonable bounds a high proportion of the time. This is why we focus on power levels in the present paper; in particular, on solutions to the power control problem, and the issue of \power warfare". To keep track of the congestion in the network, it may be easier to measure \macroscopic" quantities such as total interference levels at each receiver, or total levels of tra c in certain regions, than to measure shown that our measure is also a property of a macroscopic description of the network. It is to be expected that such macroscopic quantities are less transient than, say, individual user locations, fading levels, or transmitter power levels, and hence should provide a more suitable set of variables for use in call admissions decisions and network management.
A basic assumption in the present paper is that other users' signals are treated as white noise by the decoder of a given user; thus we do not consider joint multi-user decoding here. In this case each interferer provides a level of interference power that is additive over users. However, recent work on multi-user receivers (Tse and Hanly 9], 10]) has considered the case in which users randomly select CDMA signature sequences and has identi ed a notion of \e ective interference" that is also additive across users. It is therefore plausible that similar results to those of the present paper can be obtained for systems using multi-user receivers. Indeed, the tra c constraint in the single cell case in 9], 10] is analogous to that in Section 2.1.1 of the present paper.
An important early paper, Gilhousen et. al. 3] , considers the issue of CDMA capacity, but does not fully address the issue of random user location in the geographic area. In particular, users are taken to be uniformly distributed throughout the network, as a uniform \contin-uum" of users, whereas we take a model in which users are discrete, randomly located elements. The approach in 3] is to provide a static (\steady state") analysis of CDMA capacity. In the present paper we are interested in \real-time" congestion, as it might be applied to the realtime control of a network. By focusing on the network at an instant of time, we have avoided the study of the evolution of the network over time, and this must clearly be addressed in future work on network capacity and call admission. Recent work on Erlang capacity (Viterbi and Viterbi 11]) addresses the dynamic nature of call arrivals and departures, and the e ect of power control, but only considers a single cell; as considered.
Finally, we remark that the Perron-Frobenius eigenvalue of a path-gain matrix has arisen in previous works. In early work on power control, Zander 13] , and others, considered a PerronFrobenius eigenvalue that related to maximum achievable C/I. Foschini and Miljanic 2] considered C/I constraints for narrowband systems analogous to those in the present paper, and noted that the condition for power control feasibility was < 1, for the Perron-Frobenius eigenvalue of the system path-gain matrix.
2. A traditional cellular network structure We say that the cellular system is feasible if and only if a positive solution p exists. Another assumption we make is that each user is a small component of a large system, so that there is little loss in accuracy in adding a user's own signal power to the interference term. Thus, we obtain the modi ed equations:
which provides a conservative acceptance criterion, but with little loss in capacity under the above assumption.
It is important to note that we are looking at the network at an instant of time. As the network evolves over time, the path gains will change, and power control is required to adapt to these changes. If the tra c is bursty, then the i values may also uctuate over time. Our power control equation (1) represents the network at an instant of time, and we shall attempt to measure the network congestion at this instant.
The equations (1) provide the \microscopic" description of the system, equivalent to the matrix equations: An important feature of this problem is that the matrix A is positive, and this implies that it has a Perron-Frobenius eigenvalue (Seneta 8] Hanly 4] for applications of this result to power adaptation algorithms for narrowband and spread spectrum radio networks, respectively). Now equation (3) has an immediate interpretation as providing a capacity constraint on the network. However, does itself have a physical interpretation as a measure of congestion relative to this constraint? This is a question that we shall explore in the remainder of this paper.
Another issue we wish to explore is that of dimension reduction. Hopefully, a measure of congestion can be obtained from a \macroscopic" description of the network, as a function of \macro-scopic" variables, which are sums or averages of a large number of \microscopic" quantities. (6) which can be written in matrix form:
where A K K is a positive K K matrix with Thus, all the rows ofÃ corresponding to cell C j] are identical. It follows that ifẽ is an eigenvector ofÃ, corresponding to a nonzero eigenvalue, then all the entries inẽ corresponding to the same cell must be identical. We can therefore de ne the K 1 vector e by e k ẽ u 8u 2 C k] k = 1; 2; : : : ; K (8) and note that this is an eigenvector of A K K . Conversely, using any eigenvector of A K K , we can construct an eigenvector ofÃ, again by using the de nition (8) . It follows that bothÃ and A K K share the same set of nonzero eigenvalues. In particular, they share the same PerronFrobenius eigenvalue, .
Our thesis is that provides a fundamental measure of congestion in the system. If this is so, then we have shown that the macroscopic description (7) entails no loss of information about this congestion. It remains to provide results that support our intuition that provides a measure of congestion. Our approach shall be to provide lower bounds on which clearly have interpretations as measures of tra c levels. To do this we shall need to consider some new models of radio networks that allow us to derive symmetric matrices to compute the bounds. Fortunately, these models are of practical interest, having much higher capacities than we have in the conventional cellular model. First, however, we consider some examples of the conventional cellular model, to provide further intuition. It is clear that has a straightforward interpretation as a measure of congestion. If we interpret i W as the normalized bandwidth requirement of user i, then is the total tra c in the cell.
An interesting point is that is independent of the path gains (the ?s). Thus power control has completely compensated for the di erent ?s in the system. In fact, in the symmetrical case i = 8i, it is simple to show that all users must be received with the same power level q , where
: (9) Note that as " 1, q ? ( ) " 1. This \power warfare" is a common feature of any interference limited system. A more direct measure of the \power warfare" itself is provided by the formula
Thus, relates to the level of \competition for the available resource", and we shall nd that we can generalize this formula to networks of base station receivers (see Theorem 2). K ? 1) ): Under the present assumptions of symmetry, it follows that all users are received at the same power level q , irrespective of what cell they are in, and the solution for q is given by q = 1 ? just as in the single cell case (see (9) ). As " 1, we get power escalation to in nity.
Uniform interference

General Case.
The previous example exhibits a network in which the congestion occurs \uniformly". However, congestion can arise in a network if too much tra c arises in a single cell, or group of cells (local congestion). To see this, we de ne
? u; j] ? u; k] j = 1; : : : ; K; k = 1; : : : ; K We focus on the the two cell case, but now let us relax somewhat the symmetry assumptions of the preceding example. Let M j represent the number of users in cell C j] j = 1; 2, which we no longer constrain to be the same. We retain the assumption that all users have the same QoS, , from which it follows that there is a common received power level q j in cell C j]; j = 1; 2, and the following equations provide the solution: to in nity, but the condition " 1 may arise as more and more users are added to just one of the cells (local congestion). Note that (11) and (12) can be interpreted as single cell capacity constraints, whereas (13) corresponds to a two cell constraint. If cell 1 overloads, then q 1 " 1 and this causes q 2 " 1. Thus, \power warfare" is a direct consequence of the local congestion. The two cell example above is an illustration of what can happen in general; the above notions generalize to networks with more than two cells. Congestion can arise in a single cell or group of cells. It is clear that the level of congestion in the network depends in part on the positions of the users in the network, not just the total level of tra c, as measured by P M i=1 i W . Our approach to this problem of \local congestion" is to relate to the level of \power warfare" in the network, and to show that this warfare is due to (possibly localized) high levels of tra c in the network. This provides a physical interpretation to as a measure of congestion.
Power warfare
The results we have obtained so far can be put in a more general context. In general, let us consider a set of indices and a set of variables (P k ) k2 . might be a set of users (microscopic case), or a set of base station receivers (macroscopic), and (P k ) is then a set of transmit powers, or received interference levels, respectively. In either case, the interpretation is that of power. The power equations are then expressible as the requirement that P be a xed point of a mapping T . For example, in the macroscopic case, the mapping T is given by
where here P Q.
In the microscopic case, the mapping T is given by T : R M + ! R M + where P p. In later sections, we shall consider models in which T is nonlinear. In general, let us de ne A to be the j j j j matrix A T P P for a given di erentiable mapping T , and we assume that A is positive.
Some additional assumptions we make are that we can index a sequence of networks by , and that there is a di erentiable function P ] given by P ] = T (P ]) (14) and that P P 1]. Note that our assumption on P is that it is a unique xed point of T .
Here, we are assuming that there exists a unique xed point of the mapping T , which we label
by P ]. These assumptions are satis ed in the cellular model, if we de ne to be a scalar multiplying the basic QoS vector . Thus, P ] is the power solution when user i requires i . Under this assumption, (14) follows directly from (6).
We note that provides a mechanism to \scale up" the tra c requirements in the network. for small enough > 1. Equation (16) then implies that
for small enough > 1, which implies our result that
Let us now interpret this result in the cellular case. In the microscopic description, A is a M M matrix, and P p is a M 1 vector of transmit powers. The result says that the power warfare at the solution (as we add an \in-nitesimal" amount of extra tra c) is such that at least one user's transmit power is increasing at a greater rate than that given in the bound.
In the macroscopic description, A is a K K matrix, and the result says that there is at least one cell site for which the total within-cell interference is increasing at the above rate. We see that if is close to unity, then the rate of increase in the bound is very high. Finally, we note that (15) provides a generalization of the single-cell formula (10) .
In the present section, we have increased the tra c in the network by scaling the QoS requirements of all users by the same factor. It is worth
Monotonicity of
It seems fairly clear that a single number cannot capture all aspects of congestion in a two dimensional radio network, with many users and base stations. Consider two con gurations of users in a network, one of which has more users in one part of the network, and less in another. It turns out that one cannot make any statement about the ordering of the s in this case. Indeed, there is no complete ordering of user con gurations in a network. However, if we take a con guration of users and add some more users to it then it is natural to expect that the congestion in the network has increased. We now show that in this case, does indeed increase.
Assume we have a M-user system with PerronFrobenius eigenvalue . Now consider the \mi-croscopic version" of the matrix description of the network with a new user added. This is a (M + 1) (M + 1) positive matrix. Let us label the Perron-Frobenius eigenvalue of this matrix by ( M+1 ), where M+1 is the QoS for the new user. More generally, let (x) denote the eigenvalue, when the new user's QoS is x. Now, increasing x increases the elements in the matrix , so by the fundamental Perron-Frobenius Theorem for nonnegative matrices (see Theorem 1.1 (e) and Theorem 1.5 (e) in Seneta 8] lular model with macrodiversity within cells
We now introduce a new network structure that has a higher capacity than the traditional cellular structure, but which falls under the general model described in Section 3. Furthermore, there is an inherent symmetry in this model that enables us to derive simple lower bounds on the eigenvalue, which in turn provide capacity constraints.
To begin with, consider a cellular model, but with square cells for simplicity. The cells form a square grid, with a base station in the center of every cell. However, rather than having the base station receiver at the location of the base station, we put base station receivers at each cell corner, as depicted in Figure 2 . The assumption is that the cells now share receivers, and within a cell, the four receivers on the cell corners send their received signals to the centrally located cell-site which combines them. This combining increases the capacity of the network. An important factor is that there are no longer users at cell boundaries creating a large amount of interference at adjacent cells. In the conventional cellular model of Section 2, users are decoded by one receiver, yet may be contributing signicant interference to three other cell sites. In the present model, all four paths from user to adjacent receivers are part of the \signal". A user in a cell is only decoded by a cellsite associated with the four adjacent receivers. Thus, users in cell C 5 are decoded by combining signals from receivers 6; 7; 10; 11. For cell C users, let R(C) be the set of receivers that are used to decode the users in that cell. Thus R(C 5 ) = f6;7;10;11g. Let c i be the cell of user i.
As in the preceding sections, we consider the power control problem of nding transmit powmits with power p i and is received at receiver k at power ? i; k]p i . It follows that the total interference at receiver k contributed by all users is given by Q k M X i=1 ? i; k]p i and the C/I of user i at receiver k is given by where k is the unspread thermal noise power at receiver k. Note that in Section 2, Q k] is the total interference at cell site k coming from users within cell k. In the present section Q k is the total interference from all users in the network.
It is shown in Hanly 6] that the appropriate quality of service measure for user i, when the decoder combines the signals from receivers in the set L (say L = f1;2;5;6g in Figure 2) 
Lower bounds and tra c constraints
If the power warfare at a receiver is high, then this must be due to the level of tra c in the vicinity of the receiver. Any sensible measure of congestion must be related to the level of tra c in the network. We now provide lower bounds on , where each lower bound is a measure of tra c in some region, where the region may be as local as a single cell, or as global as the whole network of cells. The key feature of this model is that we can approximate the macroscopic description of the network by a symmetric matrix. First of all, A is similar to the K K matrix S, where
I is the indicator function, and s ik is the carrier to interference ratio of user i at receiver k (see (19)). Now S in turn is lower bounded by the
Now consider a group G of cells with associated set L(G) of receivers. For example, in Figure 2 , we can take G = fC 4 ; C 5 ; C 7 ; C 8 g and L(G) = f5;6;7;9;10;11;13;14;15g:
Given such a group G, de ne the K Recall that in the single cell case (Section 2.1.1), is precisely given by the sum of all tra c in the network, normalized by the available bandwidth. Theorem 3 provides a generalization of this to the network case, except that now the tra c constraints are only lower bounds.
adequate measure of congestion, congestion can be due to either a local build-up of tra c in a cell, or small group of cells, or a more uniform build-up of tra c in the whole network.
Another point to note is that the bounds provide constraints on tra c that are necessary for feasibility. This follows since feasibility implies the existence of Q which in turn implies < 1.
The last implication may not be immediately apparent to the reader, but follows from arguments in 6] (for a slightly di erent model, but one with the same properties), in which Q is shown to exist i a certain power adaptation algorithm is stable, and stability amounts to the condition < 1. Thus, if the network is feasible, then for any group G of cells, P C2G P i2C i jL(G)jW
These tra c constraints are not in general sufcient for feasibility. For example, unless cell C is the only cell with any tra c, then we will have strict inequality in P i2C i
4W . The trafc constraints are necessary but not su cient for network feasibility. However, in a 3 receiver network studied in 4], in which two 2-receiver cells share a common receiver, the bounds are sucient, providing users only create interference at the receivers in their own cell. This result suggests that the constraints that we have identi ed may be good approximations to the capacity region in general, provided path gains from users to receivers in other cells, but not shared by the users' own cell, are small. We do not investigate this issue any further in the present paper.
Cell-site selection and soft handover
Cell-site selection is the task of assigning users to cells. For simplicity, let us consider the conventional cellular model of Section 2, and refer to an allocation of a cell-site to each user as a \selection". Given two selections, each with a corresponding path gain matrix, and dominant the nal paragraph of Section 3, we observed that in the cellular model, scales linearly in , if we scale up the QoS requirements of all users by , so the selection with the smallest can be scaled up the most. Therefore, in this sense, the selection with the smallest is the least congested. However, as discussed below, this cell-site selection can require higher levels of transmit powers and cause higher levels of interference, than the other selection; there is actually a distinction between \power warfare" congestion, and \capacity consumption" congestion. In Section 7, we consider a model in which this distinction is made especially clear. Cell-site selection is also known as \soft handover". Rather than having a user located in a particular cell, a user can be in \soft handover" between several cells simultaneously, rapidly switching between the cells according to dynamic fading and interference conditions. We now consider models in which soft handover is allowed. In such models it is necessary to state the cells each user is currently allowed to connected to. We shall refer to the set of all such constraints as \soft handover" constraints.
To analyze soft handover one can consider all possible connections of users to cell-sites allowed by the soft handover constraints. Clearly, one candidate for \optimal" is the selection which corresponds to the path-gain matrix with the smallest . Let us call this the \minimum eigenvalue allocation". However, a more natural de nition of \optimal" is the \minimum power allocation" of Hanly 5 ] (see also Yates and Huang 12] ). It is shown in 5] and 12] that a cell-site selection exists in which the transmit powers of all users are simultaneously minimized, and that this allocation can be found by an efcient algorithm. If we are xing cell-site selections once and for all, then we can interpret the minimum eigenvalue cell-site allocation as being less congested from a capacity point of view, and the minimum power cell-site allocation as being less congested from a power level and interference point of view. However, with soft handover, cellsite selection is a dynamic process, able to adapt makes no sense to use the minimum eigenvalue cell-site allocation; the minimum power allocation is clearly optimal, and can adapt to changes in tra c as they occur. Henceforth, we shall implicitly assume that this is the allocation to which corresponds.
An interesting phenomenon that can occur with soft handover is that can actually decrease as tra c is added to the network, whether this be new users, or increased QoS requirements of existing users. This e ect occurs because an addition of tra c can cause a re-allocation of users to cell sites, i.e. the minimum power cell-site allocation changes. For example, if we add users to a given initial con guration of users, then the new minimum power allocation of cell-sites to the original users might correspond to, say, the minimum eigenvalue allocation for the initial conguration. Note that the minimum eigenvalue for the initial con guration is in general smaller than the minimum power eigenvalue for the initial con guration. Thus, with soft handover we lose the monotonicity of Section 4. A simple interpretation is that captures current cell-site selections and not potential cell-site selections. When a new selection takes place, our measure of congestion, , can decrease. Examples of this phenomena are provided in 5] (Figures 2 and 3 ). Section 7.1.2 of the present paper also provides an example, albeit for a slightly di erent model.
It is interesting to conjecture that monotonicity will also fail in cellular networks with withincell macrodiversity (Section 5), although we have not sought any examples to test this conjecture. Even without soft handover between cells, there is a kind of \soft handover" going on within cells. This e ect is negligible, and is at least monotonic \to rst order" (c.f. the lower bounds in Theorem 3). To see the e ect more clearly, we turn in Section 7 to a model in which each user is combined by the whole network of receivers, rather than just the four adjacent ones. In this case, we provide exactly such an example where monotonicity fails (see Section 7.1.2).
In Section 7, we consider a model which provides further insight into soft handover. We shall which can be decreased through soft handover. This model is abstract, but provides a very clean separation between \power warfare congestion" and \capacity consumption congestion". In this model, we are able to provide a measure of congestion that addresses the notion of \capacity consumption" whilst ignoring, to a large extent, the individual power levels required in the network.
A Macrodiversity Model
A complete macrodiversity model for a CDMA network has recently been proposed (Hanly 6] ) in which each user is decoded by a single \super base station" which combines the signals from all receivers in the network. Thus the notion of \cells" is dispensed with; each user is in soft handover with all the receivers in the network.
We shall see in the present section that a measure can be associated with each feasible conguration of users, again arising as a PerronFrobenius eigenvalue of a matrix description. In Sections 7.1.2 and 7.1.3 we will see that can actually decrease as users are added to the network, a consequence of the soft handover that is simultaneously taking place. In a similar manner to Section 5, we then provide a single lower bound to , with the bound corresponding to the global measure of tra c in the whole network. The surprising fact is that the corresponding global trafc constraint is su cient for network feasibility, as well as necessary, and hence there are no other \localized" constraints.
The macrodiversity model consists of M users and K receivers. It is very like a single cell in Section 5, but now all receivers in the network are combined to decode each user in the network. We begin by deriving the microscopic and macroscopic matrix descriptions of the network.
As before, we let p i be the transmit power of user i, and Q k be the total received interference power at receiver k. Thus The macroscopic description is provided by the K K matrix A T Q Q where Q is the xed point of T , which for now we assume exists and is unique (see Theorem 4). Let us denote its Perron-Frobenius eigenvalue by .
Power warfare
The macrodiversity model is another example of the general case examined in Section 3. It follows that there exists a receiver k for which
In particular, when is close to unity, there must be a high level of \competition for network resources" resulting in power warfare, at least at receiver k. To see how such power warfare can arise, we consider two examples, which provide further insight into the measure . In this regard, it shall be useful to obtain an expression for the matrix A.
Di erentiating T , we obtain 
where, as in Section 5, we denote the C/I of user i at receiver k by s ik .
Uniform interference
In this section we consider any con guration of users for which there exists Q , such that Q k = Q ; k = ; k = 1; 2; : : : ; K: We call this condition \uniform interference"; the congestion is truly global in this example.
This example is one of the few in which we can make explicit computations. We compute and its associated eigenvector e, using (25) for all receivers k = 1; 2; : : : ; K.
7.1.2. Non-uniform interference in a 3 receiver network
We now consider an example of localized congestion.
Figure 3: Sensitivity to increases in tra c
Consider the network depicted in Figure 3 , (a). There are 3 receivers labelled 1, 2 and 3, and M = 32. We take W = 1:25 MHz, and each user requires = 0:038 MHz and is located randomly within a square of side 0.1 around receiver 2. We emphasize that we are dealing with a single realization of user locations from this random distribution. For simplicity, we assume that power case, the total interference at receiver 2 is 44, in units of thermal noise (we have scaled power so that W = 1). The eigenvalue for this con guration is = 0:972.
In Figure 3 , (c), M = 92 users are located at random in a square of side 1 around receiver 2. Here, the interference at receiver 2 is 382, which is much higher than in (a). This is not surprising, as there are many more users in this network. The eigenvalue in this case is = 0:938, which we note to be lower than in (a).
In (b), two more users have been added randomly to the congested square in (a), so now M = 34. The interference at receiver 2 has now increased drastically to Q 2 = 6760. In (d), six users have been added to the square in (c) for a total of M = 98 users. The interference at receiver 2 also increases substantially, but we note that the nal interference is less than in (b); here, Q 2 = 5147. This example illustrates Theorem 2, by showing that when is close to unity, there is great sensitivity in Q to increases in tra c.
There is something slightly surprising about this example, although Section 6 provides some intuition by which we can understand this e ect. From (c) to (d), increases from 0.938 to 0.993, but from (a) to (b), decreases from 0.972 to 0.969, even though we have added more users. This seems counter-intuitive, if is interpreted as a measure of congestion. We provide a physical explanation for this phenomenon in the next section.
7.1.3. Soft handover reduces \local congestion"
In the preceding section, we provided an example in which increases to a value close to unity, and then decreases, as tra c is added locally to the network. We now interpret this particular example by saying that as approaches unity, a phase transition occurs in which a local constraint is broken. In the given example, the local constraint is provided by the capacity of the centrally located receiver. The explanation is that initially this receiver is providing almost all of the but that eventually the power warfare (due to the receiver overloading) allows the users to be decoded by receivers further out (in the example, the two adjacent receivers). Then the local constraint provided by the central receiver is \bro-ken". This is precisely the same phenomena as that discussed in Section 6; we can interpret the process as that of soft handover. This example also suggests that it may be impossible to overload the network by local congestion. Indeed, this is the case, as we show in Section 7.2.
Such a phase transition may be regarded as an undesirable feature, to be avoided by proper admissions control. The problem is with the associated power warfare. On the other hand, it can be seen as a way of \relieving congestion", although \congestion" in this sense refers only to capacity constraints, and not to power levels. For example, in a practical case, the users local to the central receiver in the example may only be being decoded by the central cell-site, and not doing macrodiversity at all. Then if these users are placed in \soft handover" with the adjacent receivers, the local constraint is broken, and the capacity of the system increases, at the expense of transmitter power levels, as the local users require high levels of power to reach the receivers further away.
It is important to realize that we use the term \phase transition" rather loosely here, although it does seem to suit our rather contrived example. More generally, it is much more di cult to identify \local constraints" in an arbitrary conguration of network and users; nevertheless, the process of relieving local congestion by soft handover is completely general.
As remarked in Section 4, cannot capture all aspects of \congestion" in a two-dimensional network with many users and base stations. In the next section, we consider another measure of congestion that ignores power levels, and focuses only on available capacity.
As already remarked, the complete macrodiversity model was introduced in 6], and there an elegant necessary and su cient condition for power control feasibility was established. This condition enables us to verify the above observation that it seems impossible to overload the network by local congestion. If x < 1 then Q is unique and
Proof: See 6] .
This result generalizes the single cell result of Section 2.1.1, and provides us with an alternative measure of congestion in the network. If we interpret i KW as the normalized bandwidth requirement of user i, then x is the total tra c in the network. An important point is that x is independent of the path gains (the ?s). Thus power control has completely compensated for the di erent ?s in the system. However, it is also shown in 6] that Q exists if and only if a power adaptation algorithm de ned in 6] converges. This algorithm has asymptotic convergence rate , where is the Perron-Frobenius eigenvalue of Thus, 1
Note that we can interpret
k + k W as a normalized measure of interference at receiver k, and x is then the average of these measurements over the whole network. Theorem 5 states that lies between the average interference and the peak interference in the network.
Theorem 4 shows that feasibility only depends on the average interference level. However, we have emphasized in this paper that feasibility itself is not enough, and local power warfare must be avoided. The measure seems important in this regard, and seems to be able to re ect congestion relative to local constraints, if these are \biting". We can never attain infeasibility by just increasing local tra c, unless this violates the global constraint x < 1, because if x < 1 then < 1. In fact, Section 7.1.2 shows how eventually decreases as tra c is added to a \hotspot" in the network.
The present paper has not dealt with the issue of calculating the eigenvalue. However, a very important result is that the eigenvalue is directly measurable, in a decentralized way, by users in the system, without the need for knowledge of the matrix itself. All that is required is for each user, or base station, to observe the convergence rate of an associated decentralized power adaptation algorithm. For example, if Q (n) k is the interference level at receiver k at iteration n of the power adaptation algorithm (see for provided the path gains remain xed during the iterations. This result is due to Mitra 7] . This approach also seems related to that of Bambos, Chen and Pottie 1], in which call admission is based on measurement of an associated power adaptation algorithm.
Conclusions
We have considered various models of CDMA, and sought to measure congestion via the PerronFrobenius eigenvalue, , of a matrix description of the network state. We have shown that the same measure can be derived from both a microscopic description in terms of mobiles, or a macroscopic description involving base stations. We have provided motivation for this interpretation of , by both relating it to the inevitable power warfare that occurs as \network capacity" is approached, and to tra c levels in the network, ranging from local single-cell tra c measurements to global network-wide tra c measurements.
In the cellular model with within-cell macrodiversity we have found necessary conditions for feasibility in the form of tra c constraints. It is not clear how accurate these constraints are in characterizing the \capacity region" in realistic examples, and hence how useful they are for on-line congestion control. This is a topic for curate enough for on-line control, they may provide a useful simpli cation in theoretical studies in which qualitative behaviour is to be investigated. The eigenvalue itself captures these constraints more accurately.
We have also investigated the e ect on of allowing soft handover of users from one cell to another. In the complete macrodiversity model each user is in \soft handover" with all the receivers in the network simultaneously. In that model, is shown to measure \local congestion"; it can indicate the onset of a phase transition in which power levels increase dramatically as a result of a local constraint being broken. We also provided a measure, x, which ignores power levels, but which re ects \available capacity". It measures \global congestion" since it is a simple network-wide average.
In the present paper, we do not relate these measures of congestion directly to the problem of controlling the network and admitting new calls. This is a topic for future research. However, we feel that it is useful to propose some measures, and study their abstract properties, as we have done in the present paper. In particular, we feel that it is important that such measures should arise from a macroscopic description, as measures relating to individual users are likely to be more transient.
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